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Absfrucf-In this paper, we explore the use of a sparse fuzzy As part of the study, a straightforward projection-based 
system generation technique in conjunction with simple approach to fuzzy rule interpolation is also proposed. 
projection-based fuzzy rule interpolation, to generate sparse 
fumy systems with relatively few rules whilst still achieving in the next section, theoretical discussion of hzzy rule- reasonable system accuracy. Through setting a parameter value, 
the user is able to control, to some extent, the number of rules is presented' Section 'I1 rep0rts On 'parse fuzzy 
generated by the rule extraction technique. The rule systems generation. The fuzzy Rule Interpolation based on 
interpolation approach enables the sparse fuq system to Conservation of Fuzziness (RICF) is discussed in section IV. 
maintain a reasonable accuracy. The effectiveness of this The technique is extended to a projection-based approach in 
approach is validated experimentally. the subsequent section. Section VI reports on the experiments 

performed to validate the effectiveness of the sparse fuzzy 
system generation technique used in conjunction with the 

Fuzzy Systems suffer fiom rule explosion. To model a proposed projection-based fuzzy rule interpolation. The 
system with k variables and maximum T fuzzy terms in each conclusion 1s presented m the last sechon. 
dimension, the number of necessary rules is: 

I. INTRODUCTION 

11. Fuzzy RULE INTERPOLATION 

A fuzzy rule Rj comes in the following form: Number of rules = O ( p )  Eqn 1 

Which will he very large if k is not very small. Because of 
this, fuzzy systems are limited to only very few variables. To Where x = {x,, x2, , . ., xn}  is the input, y is the output, and 
widen the range of problems controllable by fUzT rule-bases, B~ are fuzzy sets of the antecedent and consequent of the rule 
it is essential to reduce T, K, or both in (Eqn 1). Hierarchical respectively, Each rule defines a patch in the (xx r )  space, A 

hand, decreasing T leads to sparse fuzzy systems, i.e. fuzzy 
rule-bases with "gaps" between the rules. In such fuzzy 
systems, there often exist observations (inputs) that do not 

121 is proposed to infer the conclusions for such observations. 

I fXis  Ai then Y is Bj 

fuzzy systems H I  are proposed to reduce K. On the other system with rules is a sparse fuzzy system if (Eqn 2) 

Eqn 2 x - U SUIT ( A , )  t e match any of the rule antecedents. Fuzzy rule-interpolation i = l  

.. . . 
Since the pioneering work of fuzzy rule-interpolation [2], 
much research has been carried out in improving and 
extending the technique [3-81. Some techniques are designed 
for both interpolation as well as extrapolation [4,9] [2]. Apart 
from [4], which has been used to control an automatically 
guided vehicle, most of the work in the literature discusses 
rule interpolation at a theoretical level. There has been little 
report on the application of the technique in fuzzy rule-bases. 
In [IO], a rule extraction technique for sparse fuzzy system 
generation has been designed. It was shown in the paper that 
the technique is able to generate relatively few rules to 
achieve a reasonable accuracy. The potential of the technique 
to be used in conjunction with fuzzy rule interpolation was 
however not explored. This issue is investigated in this paper. 

Where Supp is the support and 0 is the empty set. That is, 
there are "gaps" in the universe of discourse where no rule 
antecedent is present to any positive degree. The advantage of 
such sparse systems is the reduced complexity. If Tin (Eqn 1) 
is reduced in every dimension at least by a factor of s, then the 
number of rules is IRI = O((f/s)?. The reduced complexity 
comes with a price - loss of information. With the absence of 
rules, results for data that falls in the gaps cannot be inferred 
directly. To cope with this situation, a family of new 
reasoning techniques for sparse fuzzy systems, known as 
fuzzy rule interpolation, has been introduced [2]. Some 
theoretical discussion of fuzzy interpolation techniques are 
presented next. 
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1 5 . 1nf{ E,, > The basic idea of rule interpolation is formulated in the 
Fundamental Equation of Rule Interpolation (FEN) 121: min{ B , }  = ,=I DmL(Aza2 ,4 . , )  

N 1 - .  
D(A*,Al) : D(A*,Ad = D(B*, 8,) : D(B*, Bd Eqn 3 

Where A* and B* denote the observation and the 
corresponding conclusion, RI = A ,  ?, B,, RI = Ai ?, B2 are 
the rules to he interpolated (flanking rules), such that 

A / < A * < A l  Eqn 4 
BI < BI. Eqn 5 

Here, D denotes some distances or degree of similarity 
between two fuzzy sets and the symbol ‘<’ denotes a partial 
ordering between fuzzy sets (more details in [2]). Different 
choices of the distance D results in different types of 
interpolation. In [2], the distance was introduced as the set of 
lower and upper a-cut distances, describing the relative 
position of two comparable convex and normal fuzzy sets 

Bqn 8 

The use of all rules for interpolation relieves the fuzzy system 
from the task of flanking rules identification. Apart from that, 
it can be observed from (Eqn 8) and (Eqn 9) that even 
extrapolation is possible. That is, given an observation that 
does not fire any rule, a conclusion can he inferred from the 
existing rules without requiring the conditions (Eqn 4) and 
(Eqn 5 )  to he satisfied. 

111. SPARSE FUZZY SYSTEM GENERATION 
(CNF-sets) unambiguously. The conclusion, after 
decomposing (Eqn 3) to every a E [O,I1, it can he 
B‘ as: 

In the earlier works, the idea of complexity reduction using 
for rule interpolation was main]y in the direction of reducing a 

dense rule base to a sparse one. The main idea is that for a 
fuzzy system with r rules, F = {Ri:  i = 1 ,  ..., r } ,  a reduced 
sparse fuzzy system F’ = {RB: ik E I c { I ,  ..., I}, 14 < r ]  is 
created by elimination of some less important rules. Here. I is 
the index set. The aim is to produce a proper compression of 
F such that keep IRIR.(Aj) - E,/ 5 E (the error tolerance) where 
RIR,(Aj) denotes the conclusion generated by applying 
interpolation method RI on the rule subset R’ and substituting 
the observation Ai into the approximation function. The rule 
elimination process is not straightforward. There is generally 
no monotonicity in the omission of rules, that is, having three 
sets of rules: R ” c R ‘ c R maybe R ” is a proper compression 
of R while R’ is not. Thus, no computationally effective serial 
search algorithm for the best reduction can he constructed. 
The reduction of a dense fuzzv system to a sparse fuzzy 
system is often performed on a heuhstic trial and-error basis. 

Where infis the infimum and sup is the supremum. The main sparse fuzzy system generation by dense fuzzy system 
disadvantage of this method is that (Eqn 6) and (Eqn 7) Often reduction is ineffective with high dimensional data since the 
result in abnormal membership functions for B’ that need real problem lies in the generation of the dense rule base itself. 
further transformation to obtain a useful result. There are Therefore this techniaue is onlv suitable for comnlexitv . _  
many ways to alleviate this problem [3-61. In this paper, we 
choose to investigate [ 3 ]  for its simplicity. 

reduction given an existing dense fuzzy system. 

In 1101, a rule extraction technique for sparse fuzzy system 

A majority of the rule-interpolation research focuses on the 
generation of a conclusion using two flanking rules that are 
closest to the observation and at the same time satisfy the 
conditions (Eqn 4) and (Eqn 5 ) .  In general, the closest 
flanking rules can be found by trying each possible pair of 
rules and selecting the closest pair. The time complexity 
involved in finding the closest flanking rules among R rules in 
the multi-dimensional space is O(R2). 

. -  . .  
generation has been designed (details later). In this paper, we 
explore the potential of the technique to he used in 
conjunction with fuzzy rule interpolation. Given a set of 
training data, the technique [IO] first clusters the output space. 
Data points from each output cluster are projected hack to 
each input dimension forming one-dimensional clusters. The 
clusters from different dimensions are then merged to form 
fuzzy rules. The algorithm is as follow: 

1. Perform Fuzzy cMeans clustering [ 111 on the output 
space. The algorithm iteratively searches for a set of 
cluster centers that represent the structure of the data 
as best as possible by minimizing (Eqn 10). 

In [2] the possible extension of (Eqn 6) and (Eqn 7) to use N 
rules instead of two is reported. The extended formulae for 
the new interpolation method are obtained by using the 
weighted average: 
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Eqn 10 
where J,(U, P') is the sum of squared error for the set 
of fuzzy clusters represented by the membership 
matrix U, and the associated set of cluster centers V. 
Here, Ijxk - vi/? represents the Euclidean distance 
between the data q and the cluster center U,. At each 
iteration, the cluster centers are calculated using (Eqn 
11) and (Eqn 12). 

and 

The optimal number of clusters in the data is 
determined by means of the FS index [12] as follows: 

Eqn 13 

The number of clusters, c, is determined so that S(c) 
reaches a local minimum as c increases. 

For each fuzzy output cluster Bi approximated, all the 
points belonging to the cluster are projected back to 
each of the input dimensions. For each dimension, 
fuzzy clustering is again applied to the projection of 
the points. In this step, the FS index (Eqn 13) is used 
in conjunction with the merging index [13]: 

2. 

For each pair of cluster centers vi and vj, the index 
(Eqn 14) is calculated and the clusters are merged if 
p(v,) is smaller than hothp(vi) andp(vj), where v, is 
the middle point (vi + vj)/2. 

3. The previous step results in multiple ID fuzzy 
clusters in each input dimension. For each fuzzy 
cluster, a trapezoidal cluster is approximated. We 
refer the reader to [I41 for a simple trapezoidal 
cluster approximation technique. The partition is 
converted to a Ruspini partition [I51 for the 
convenience of the latter steps. 

Each of the n clusters (Cdi - CdJ in the input 
dimension d,  is a projection of the multi-dimensional 
input cluster to that input dimension. Next, the 

4. 

clusters from individual dimensions are combined to 
form the multi-dimensional input cluster. The 
merging process involves the use of a threshold t, 
which govems the degree of sparseness in the rule- 
base to he generated (more details on this later). 

The cluster in the multi-dimensional space is 
determined to he the region where the number of 
projected points in the region exceeds I .  A pointp is 
contained in the cluster Ci if pa@) > pcj@) for all 
jzi. The process has three steps: 

a. Find one of the multi-dimensional clusters C 
where the number ofpoints that falls into its 
projection exceeds the threshold t using the 
following algorithm in Figure 1. 

h. Remove all data points that are contained in 
the cluster C approximated. 

c. Repeat steps a - h until no more clusters can 
be found. 

5. For each of the multi-dimensional clusters identified, 
a rule can be formed. For example, if a multi- 
dimensional cluster is formed with [C,l, C23, C,,] for 
the points projected from output cluster Bi, we obtain 
the following rule: 
l f x l  is Cl, and x2 is C23 and x3 is C3, then y is Bi 

Where Cdn is the n' cluster identified at input 
dimension d. 

The completed fuzzy rule-base then goes through a 
parameter identification process where each 
trapezoidal cluster in the input and output space is 
adjusted to improve the overall performance. The 
parameter identification is described in 1141. An 
altemative technique is proposed in [I61 

6. 

PROCEDURE find-MD-cluster 

Let U, be the set of ID clusters in dimension i 
Let mdCluster = [ ] 
for i = 1 to k 

for each unit U E U, 
utemp = mdCluster x U 
if utemp is dense 

denseunit = utemp 
break 

end if 
end for 

end for 

Figure 1: Algorithm for finding multi-dimensional cluster 

The threshold t in step 4 govems the sparseness of the fuzzy 
system to he generated. The higher the threshold, the fewer 
multi-dimensional clusters will he obtained and consequently 
fewer rules are generated. When F O ,  all data involved in the 
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rule extraction (training data) will be covered by at least 1 To perform the interpolation, the core of E' (B.' and B',,) is 
rule. We remark, however, that the parameter tuning process calculated using the FERI (Eqn 3): 

1 

1 

may create more gaps among rules and causes some of the 1 
B , ,  

D ,  ( A a L 2  Ai  1 

D , ( A , , , A ; )  D , ( A , , ,  ai) 
E," + 

4" + training data to fall in the gaps. B .  - D,(Atv ,A; )  
L -  

I +  
The main aim of this paper is to validate the effectiveness of 

construct fuzzy systems with minimal number of rules without 

Eqn 19 
this technique when used with fuzzy rule interpolation to I 

D ,  ( A t u 1  A ;  1 
I 

B*L 
D ,  ( A * L ,  A ;  1 

1 I 
loosing significant accuracy. B ;  = 

IV. FUZZY RULE-INTERPOLATION BASED ON CONSERVATION 
Eqn 20 

Eqn 21 
A ;  - A , ,  i/ A,  < A .  
A , ,  - A ;  i /  A' i Ai 

OF RELATIVE FUZZINESS D , ( A , , A ' )  = 

In this section, the rule interpolation based on conservation of 
fuzziness (RICF) is investigated. The technique considers 
only the flanks closer to the observation (see Figure 2) instead It can be readily observed from (Eqn 21) that the distance 
of the entire shapes of the rules, The main motivation is that 
often there are cases where the size of the fuzzy sets is not flanks 'Om 

comparable with the observation, typically in a hierarchical 
fuzzy rule base [l ,  31. 

between neighboring fuzzy sets considers only the closest 
trapezoids. 

V. THE PROPOSED PROJECTION-BASED INTERPOLATION BY 
CONSERVATION OF FUZZINESS 

In practical application, it is sometimes difficult to guarantee 
for each observation the existence of flanking rules that satisfy 
(Eqn 4) and (Eqn 5 ) .  It can therefore be argued that the 
multiple rules approach is more useful in practice. In this 
section, the use of multiple rules for RICF is investigated. We 
restrict our discussion for the singleton case and leave the 
generalization to non-singleton case for future research. 

When the input A' is a singleton, the input fuzziness f ffti = 
0. It follows from (Eqn 17) and (Eqn 18) that F; = F = 0, 
that is, !he output will also be a singleton. Since in this case, 

. . . .  . . . . . . . = A  ,,, it is simpler to leave out the subscript and use just 
A' for the rest of our discussion. The simnlification is done 

. .  
i F w i  : P L j  f F z !  

~~ ~ ~~~ 

analogously to the output B'. In the one-diAensional case, by 
adapting (Eqn 8) and (Eqn 9) we obtain: Figure 2: Notation of input and output trapezoidal fuzzy 

sets involved in the fuzzy rule interpolation N 1 

This technique can only be used for trapezoidal fuzzy sets 
(and its special case, triangular). From Figure 2, the i'h input 
trapezoidal set has an upper and lower fuzziness denoted asf;,, 
and 5'. The fuzziness in the output space is denoted 
analogously by Fiti and Fi'. The main idea of RICF is that 
given an observation A , the fuzziness of the output B' can be 
calculated based on the following ratio; 

Eqn 15 
Eqn 16 

Eqn 22 

wbere A ,  and Bi, are chosen as Aiu and Biti respectively ifAi < 
A ; otherwise, Ai' and Ba are used. The partial ordering 
between Ai  and A , which the selection of A;, and B;, depends 
on, is often ambiguous in the multi-dimensional case. 
Therefore, (Eqn 22) cannot be used for multi-dimensional 
data. 

From (Eqn 15) and (Eqn 16), the upper and lower fuzziness of A simple way to alleviate this problem is to adopt a 
the output fuzzy set can he obtained projection-based approach. That is, the interpolation is 

* 4" 17 performed with the individua! dimensions separately using 
(Eqn 22) and the results obtained are combined by averaging 
to form the final result. In this case, the term l/D,(A;,A) in 
(Eqn 22) can be zero, since it is possible for the multidimemional 
des to overlap with the observation in some (but not all) 
dimensions. In such situations, we adopt the following: 

FL = fL.- 
1;" 

F ' -  0 -  / . L  "- 
f*L 

Eqn 
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Eqn 23 Table 1: Number rules vs. threshold tused in the fuzzy 
rule extraction technique 

Where defuzz(.) is a defuzzification method (e.g. Center of In Figure 3, we compare the errors of the interpolative system 
k e a ) .  If in any dimension d, there is more than one rule with the trivial average-based system that uses the average of 
antecedent (A , , , ,&)  that overlaps with the observation, then the output domain as the default output whenever a 
the average is used as the conclusion Id for that dimension: 

It can he observed that the error of the interpolative system is 
always lower. Picking the threshold t = 0.12, four fuzzy rules 
were generated and the PI of the system was 3.17. After 20 
iterations of parameter tuning, the error decreased to 0.17, 

find rules to 
1 “  
n 

Eqn 24 
I ,  =-E defiz ( B , )  

Finally, the system output is computed by averaging the which he reasonable. 
conclusion from each of the D dimensions: 

. 1 0  Ean 25 1 /j 
I 

VI. EXPERIMENTS 

In this section, artificially generated as well as the box-jenkins 
1171 data have been used to validate the effectiveness of the 

Interpolative 
s stem 

.6 n,  .,. * “ y w  a,. L I  

L ,  

projection-based fuzzy rule extraction technique used in 
conjunction with fuzzy rule interpolation. The mean square 
error is used as the performance index (PI) to evaluate the 

Figure J: Error comparison of the average and the 
interpolated results for the quadratic function 

effectiveness of the fuzzy rule bases: 
m In the inference process, ten data points cannot find rules to 

fire. Three out of the ten data points do not have a suitable 
pair of flanking rules. Table 2 compares the interpolated 

Eqn 26 PI = ( y ’  - j ‘ ) *  / m  
, = I  

values from the projection-based n-rule interpolation and the 
where m is the number of data, $ is the i’ actual output and traditional 2-rule interpolation. The symbol ‘x’ indicates data 
$’ is the th model oumut. The lower the Derformance index, points that do not have flanking rules. It can be seen that even 

the more accurate the fuzzy rule base. for data that bas flanking rules, the projection-based approach 
out-performs the 2-rule approach in the majority number of .. . .  
poiits. 

Data Point Projection TWO Rules Desired 
A. Art@?ul1y GenerutedDuta 

In the first experiment, the method was used to model a two- 
variable quadratic function: I 9.0243 X 9.3272 

y = ( l + ~ ~ * + x ~ ~ ~ ~ ) * ,  0.8<x,,x2 51.8 ~ ~ 2 7  2 8.9436 X 9.0339 
3 7.7117 7.0010 8.0541 
4 9.1674 7.9606 8.1745 

Two hundred input-output data pairs were generated from y. 5 9.3621 X 9.3280 
The output range was 3.15 - 13.72. The fuzzy rule extraction 6 10.2831 9.6010 9.3471 
technique was applied multiple times to the data using 7 7.1934 6.6837 8.0829 
different choices of the threshold t. Table 1 shows the 8 9.2453 8.0331 8.1411 
thresholds used and the corresponding number of rules 7.1519 6.5074 1.5747 

IO  6.8722 6.0185 7.1309 generated. 

Number of rules 
Table 2: Comparison between projection-based n-rule 

0.00 9 interpolation and the traditional 2-rule interpolation. 

0.04 7 B. Box-Jenkiw Datu 
0.08 7 

0.12 4 
0.16 3 

0.20 3 

Threshold t 

The data given by Box and Jenkins [17], often used as a 
benchmark in research papers, is used in this experiment. 
There are 290 data points, where the input variable U is the 
methane concentration and the output variable y is the CO2 
concentration. The input y ( f )  and u(t) are the output and input 
at time step f respectively. Figure 4 shows the error 
comparison in a way similar to Figure 3. 
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Table 3 summarizes the performance of the proposed 
technique as well as other models that use the data in a similar 
way as benchmark. It can be observed that the rules 
extraction technique is able to produce very few rules to 
achieve a reasonably high accuracy. The choices of the 
threshold t provide the user with some amount of control over 
the number of rules generated. ;Iz-----/ Interpolative 

0 .  

Figure 4: Error comparison of the average and the 
interpolated results for the Box-Jenkins Data 

Method M PI 
Tong [ 181 19 0.469 
Proposed (t= 0.26) 5 0.435 
Xu et al[19] 25 0.328 
Pedryc [20] 81 0.320 
Proposed (t = 0.20) 9 0.250 
Proposed (t= 0.10) 10 0.139 
Proposed (t = 0.06) 15 0.129 
Proposed (t = 0.00) 17 0.121 

Table 3 Number of rules, M, and performance index, PI, 
of models using y(f-I) and 14-4) as input variables 

VII. CONCLUSION 

In this paper, we have investigated the use of the projection- 
based fuzzy rule interpolation in conjunction with a sparse 
fuzzy system generation technique. By setting a parameter 
value, the user is able to generate fuzzy systems with a 
desirably small number of rules. The rule interpolation 
approach enables the system to maintain a reasonable 
accuracy. It has been shown in the experiments that the use of 
rule interpolation improves the system performance. 
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